We revisit the extraction of αs(M 2 τ ) from the QCD perturbative corrections to the hadronic τ branching ratio, using an improved fixed-order perturbation theory based on the explicit summation of all renormalization-group accessible logarithms, proposed some time ago in the literature. In this approach, the powers of the coupling in the expansion of the QCD Adler function are multiplied by a set of functions Dn, which depend themselves on the coupling and can be written in a closed form by iteratively solving a sequence of differential equations. We find that the new expansion has an improved behavior in the complex energy plane compared to that of the standard fixed-order perturbation theory (FOPT), and is similar but not identical to the contour-improved perturbation theory (CIPT). With five terms in the perturbative expansion we obtain in the MS scheme αs(M 2 τ ) = 0.338 ± 0.010, using as input a precise value for the perturbative contribution to the hadronic width of the τ lepton reported recently in the literature.
I. INTRODUCTION
The non-strange hadronic decays of the τ lepton provide one of the most precise determination of the strong coupling α s . The recent calculation of the Adler function to four loops [1] , the same order to which the β-function of the renormalization-group (RG) equation is known [2, 3] , renewed interest in the determination of α s (M 2 τ ) [4] - [20] . The intriguing remark [6] that the inclusion of a higher order term increased, instead of reducing, the theoretical error on the resulting α s (M 2 τ ) stimulated many investigations aimed at understanding this fact.
The basic procedure involves the analytic continuation of the Adler function (the logarithmic derivative of the massless QCD polarization function) in the complex energy plane, where it can be calculated by the Operator Product Expansion (OPE). The contribution of the higher dimensional terms ("power corrections") in the OPE to the τ hadronic width was evaluated and found to be quite small [4, 6, 10, 18, 21, 22] . Recently, the effect of the nonperturbative terms was investigated in a more general framework, which includes also deviations of the true polarization function from the OPE description, especially near the timelike axis, i.e. violation of quark-hadron duality [20] .
There are two competing versions of perturbation theory, the standard fixed-order perturbation theory (FOPT) and the RG-improved, which in this context is also known as contour-improved perturbation theory (CIPT) [23, 24] . Their predictions differ by about 0.02, which is at present the main part of the theoretical error on α s (M 2 τ ) [6, 8, 15, 18, 19] . It should, however, be noted that the issue of the separation of the perturbative and nonperturbative parts is not completely settled, with a potential effect on the precision of the α s predictions. For instance, analyses based on the moments of the spectral functions, either standard [5] or including possible duality violating contributions [20] , suggest a different value for the nonperturbative contribution to the hadronic width compared to that obtained from previous studies [4, 6, 18, 19, 22, 25] .
The investigation of the perturbative series of QCD in the context of the uncertainty in the extraction of α s is of such great importance that its theoretical aspects have been studied by several authors and various alternative approaches have been proposed. They include in general additional information about the series beyond the truncation order, known either from specific classes of Feynman diagrams or from RG invariance. Thus, a reordering of the standard contour-improved approach exploiting RG invariance was proposed in [11] , and a detailed analysis of the errors of various expansions has been performed in [9] .
A more radical modification was investigated in [7, 13, 14] , where the available knowledge on the large-order behavior of the perturbative coefficients was exploited with mathematical techniques of accelerating the series convergence by means of conformal mappings [26] [27] [28] [29] . This led to a modified expansion in terms of a new set of functions, which have the advantage of sharing the known singularities of the expanded correlator in the coupling and the Borel complex planes. As argued in [14] , this expansion is particularly suitable in the contour-improved version, since it make a summation of both the running coupling and of the Feynman coefficients of the Adler function. Detailed numerical studies [7, 14] proved the good convergence properties of the latter expansion for a large class of physical models which simulate the known properties of the Adler function.
In the light of the above, any fresh attempt to improve the understanding of the properties of the perturbative expansion in the complex energy plane and the origin of the discrepancy in the coupling predictions would be welcome. With this motivation, we consider in the present paper a RG-improved expansion proposed in [30, 31] , using a procedure originally advocated in [32] [33] [34] . The method is a generalization of the leading logarithms summation, in which terms in powers of the coupling constant and logarithms are regrouped, so that for a given order, the new expansion includes every term in the perturbative series that can be calculated using the RG invariance. The method was applied to several correlators and observables, for instance the inclusive decays of the b-quark [30] and the hadronic cross section in e + e − collisions [31] , where its main merit was proved to be a substantial reduction in sensitivity to the renormalization scale. In the present paper we investigate the new expansion for the QCD Adler function in the complex energy plane and the determination of α s from τ hadronic decays. To our knowledge, this problem was not investigated in full generality up to now. 1 We shall refer to this scheme as "improved FOPT" where the improvement is implied only in the sense of capturing the RG-summation of the accessible logarithms. A priori is does not imply any other kind of improvement.
The plan of this paper is as follows: for completeness we briefly review in Sec. II the perturbative expansion of the Adler function and its connection to the hadronic decay width of τ . In Sec. III, following Ref. [31] , we review the derivation of the new RG-improved expansion of the Adler function and give the corresponding expansion functions calculated to four loops. For further applications of the method it is useful to know also the higher expansion functions, which we have calculated in an analytic closed form by iteratively solving the relevant differential equations. As the general expressions are rather lengthy, we give in the Appendix simpler forms of the expansion functions up to n = 10 obtained by inserting the numerical values of the known perturbative coefficients of both the Adler and β-functions to four loops. The expressions are written in terms of the coefficients beyond four loops, which are not yet available from explicit calculations and are left arbitrary. In Sec. IV we investigate the properties of the new expansion in the complex energy plane and compare it with the standard FOPT and CIPT, using in particular a physical model for the Adler function proposed in [6] . In Sec. V we apply the FO expansion improved by RG-summation discussed in this paper to a determination of α s (M 2 τ ), using the phenomenological value of the perturbative QCD contribution to the hadronic width of τ estimated recently in [18, 19] . Section VI summarizes our results and presents some conclusions.
II. ADLER FUNCTION IN PERTURBATIVE QCD
The Adler function plays a crucial role in the determination of α s (M 2 τ ) from hadronic τ decays. The method 1 The RG-summation discussed in [32, 33] has been applied to the extraction to αs from τ decays in [34] , but only using the perturbation series to NNLO treated with Borel summation methods.
is discussed in the seminal paper [21] and is reviewed in several recent articles [4, 6, 15, 18] . For completeness we give below a few details. The inclusive character of the total τ hadronic width makes possible an accurate calculation of the ratio
Of interest is the Cabbibo allowed component which proceeds either through a vector or an axial vector current, since in this case the power corrections are particularly suppressed. On the theoretical side, R τ can be expressed in the form
where N c = 3 is the number of quark colors, S EW and δ ud denote quark mass and higher D-dimensional operator corrections (condensate contributions) arising in the OPE.
Unitarity implies that the inclusive hadronic decay rate can be written as a weighted integral along the timelike axis of the spectral function of the polarization function Π (1+0) (s), where the superscript denotes the angular momentum. As shown in [21] , the analytic properties of the polarization function and the Cauchy theorem allow one to write equivalently this quantity as an integral along a contour in the complex s-plane (chosen for convenience to be the circle |s| = M 2 τ ). After an integration by parts, in our notation the quantity of interest δ (0) is expressed as the following contour integral: [21] . The function D(s) depends only on the energy variable s, but for its pure perturbative part D pert appearing in (2) we emphasized also the formal dependence on the renormalization scale µ 2 , entering through the strong coupling α s (µ 2 ) and the standard perturbative logarithms. Specifically, we define
In the so-called "fixed-order perturbation theory", one chooses a fixed scale µ 2 = M 2 τ and the expansion of D reads
In the expansion above, the leading coefficients c n,1 are calculated from Feynman diagrams. The known coefficients c n,1 are (see [1] and references therein): (5) and several estimates for the next coefficient c 5,1 were made recently [6, 18, 19] . The remaining coefficients c n,k for k > 1 are determined from RG invariance and involve the coefficients β j appearing in the perturbation expansion of the RG β-function
The β-function was calculated to four loops in the MSrenormalization scheme, the known coefficients being (see [2, 3] for the calculation of β 3 and earlier references):
As remarked in [24] , due to the large imaginary part of the logarithm of −s/M 2 τ along the circle |s| = M 2 τ , the series (4) is badly behaved especially near the timelike axis. This mandates one to search for expansions that would be better behaved and would exhibit a smaller renormalization-scale dependence. The "contourimproved perturbation theory" [23, 24] is based on the RG-improved expansion, defined by the choice µ 2 = −s, when (4) reduces to
The main improvement comes from the treatment of the running coupling α s (−s), which is determined by solving the RG Equation (6) numerically in an iterative way along the circle, starting with the input value
The expansions (4) and (8) coincide formally as long as all the terms in the series are retained (we ignore in this discussion the fact that the coefficients c n,1 are known to increase as n! and the series are actually divergent). However, since the expansion coefficients are known only up to a finite and not so large order, the series have to be truncated at some order n ≤ N . Then the expansions differ by terms of order α N +1 s , which may be substantial due to the relatively large value of the coupling at the low scale set by the mass of the τ . Therefore, the expansions lead to different values for δ (0) , this being the main source of error in the determination of α s (M 2 τ ) from the hadronic τ -decays.
III. RENORMALIZATION-GROUP SUMMATION
As suggested in [30, 31] , the FO expansion (4) of the reduced Adler function can be written equivalently as
where the functions D n (u), depending on a single variable u = aL, are defined as
As seen from the definition, the first function D 1 sums all the leading logarithms, the second function D 2 sums the next-to-leading logarithms, and so on. Thus, the suggestion was to effectively make a summation by collecting the aggregate coefficients of the leading logarithms multiplied by fixed powers of the coupling constant. The attractive feature pointed out in [30, 31] , is that these functions can be obtained in a closed analytical form. We sketch below the derivation, which is based on RG invariance. The Adler function defined by (9) , calculated in a fixed renormalization scheme, is scale independent and satisfies the RG equation
which can be written equivalently as
Using in this relation the expansion (4) yields the following equation:
By extracting the aggregate coefficient of a n L n−p one obtains the recursion formula (n ≥ p)
These relations are well known, and in particular for n ≤ 4 they coincide with the relations given in Eq. (2.11) of [6] .
Multiplying both sides of (14) by (n − p + 1)u n−p and summing from n = p to ∞, we obtain a set of first-order linear differential equation for the functions defined in (10), written as
(15) Setting now n = p − 1 we write this set as
for n ≥ 1, with the initial conditions D n (0) = c n,1 which follow from (10) . The solution of the system (16) can be found iteratively in an analytical closed form. It turns out that the solutions D n (u) depend on u only through the variable w = 1 + β 0 u. The expressions of D n (u) for n = 1, 2, 3, 4, written in terms of this variable and the coefficients c n,1 and β k , are:
In [30, 31] similar differential equations were solved for n ≤ 4 for several observables, including the cross section of e + e − annihilation into hadrons, whose expansion in QCD is related to the expansion of the Adler function in which we are interested. The functions D n (u) given above coincide actually with those calculated in [31] . For the applications made in this work and possible further studies, we have derived the expressions of D n up to n = 10. The solutions depend on the coefficients c n,1 and the coefficients β k of the expansion (6) of the β-function. For consistency, to each Feynman diagram order n we use the expansion of the β-function to the same order. The complete expressions are rather lengthy. They simplify considerably if we insert the known numerical values of the coefficients c n,1 for n ≤ 4 given in (5), and of the coefficients β k for k ≤ 3 given in (7). The corresponding expressions, which depend on the arbitrary coefficients c n,1 for 5 ≤ n ≤ 10, and β k for 4 ≤ k ≤ 9, are listed in Appendix.
We shall use in what follows the truncated FOPT improved by renormalization-group summation (RGS) written as
IV. DISCUSSION
In this section we shall investigate the properties of the new expansion (19) in the complex s-plane, along the circle s = M From Fig. 1 it is seen that the higher-order terms are large near the timelike axis (θ = 0). This shows the slow convergence of the standard FOPT in this region, where the logarithm defined in (3) acquires a large imaginary part. As discussed in [24] , the reason is the poor convergence, especially near the timelike axis, of the expansion of α s (−s) in powers of α s (M sion (8) to the fixed-order expansion (19) . In contrast, Fig. 2 shows that in CIPT the higher terms are much smaller, i.e. the expansion has a good convergence along the whole circle. As seen from Fig. 3 , the RGS improved FOPT expansion (19) has a behavior similar to that of CIPT: the series is stable along the circle and the higher order terms are very small. Thus, although it depends explicitly only on the coupling at a fixed scale, the expansion (19) shares the good qualities of the CI expansion along the circle, as seen from Fig. 4 , where we simultaneously plot the first three terms for the two expansions.
In order to see the difference between CIPT and the FOPT improved by RGS, it is useful to look at the leading term, with n = 1. In the CI expansion (8) this term is c 1,1 α s (−s)/π, where the coupling is calculated as the numerical solution of the RG Eq. (6), keeping four terms in the expansion of the β-function. On the other hand, using (19) and (17) input α s (M 2 τ ). The similar behavior of the curves corresponding to n = 1 in Fig. 4 shows that the effect of the higher order terms in the expansion of the β-function is small. Moreover, the smallness of the next terms of the expansion (19) proves that the summation of the leading logarithms is very efficient also to higher orders. Figure 5 shows the behavior along the circle of the Adler function given by the first N = 5 terms in the expansions (4), (8) and (19), respectively. The new FO expansion improved by RGS is very similar to the CI expansion, as expected from the previous figures.
By inserting the FOPT, CIPT, and RGS improved FOPT expansions (4), (8) (19) , respectively, truncated at some N , into the definition (2) of δ (0) , we obtain the corresponding values denoted as δ
FOPT , δ
CIPT and δ (0) IFOPT respectively. In Table I we list these values for various truncation orders N ≤ 5, using in the calculation the standard value α s (M the standard FOPT. To order N = 4, the difference between FOPT and CIPT is 0.0215, which, as remarked, is the dominant theoretical uncertainty in the extraction of α s from the hadronic τ decay rate. On the other hand, for N = 4, the difference between the results of the RGS improved FOPT and the standard FOPT is 0.01754, and the difference from the RGS improved FOPT and CIPT is 0.0039, which confirms that the new expansion gives results close to those of the CIPT. For N = 5, using the estimate c 5,1 = 283 from [6] , we find that the RGS improved FOPT differs from FOPT by 0.0232, and from CIPT by 0.0035.
It is of interest to see whether this behavior is preserved to higher orders. To this end we consider a class of physical models of the Adler function used for testing various expansions in [6, 7, 13, 14, 16] .
In particular, we consider the model proposed in [6] , where the Adler function is defined in terms of its Borel transform B(u) by the principal value prescription
where the function B(u) is expressed in terms of a few ultraviolet (UV) and infrared (IR) renormalons [6] these terms were written as
where most of the parameters were obtained by imposing RG invariance at four loops. Finally, the free parameters of the model, i.e. the residues d 
Then all the higher order coefficients c n,1 are fixed and exhibit a factorial increase, showing that the perturbative series of the Adler function is divergent. We list below the values, given in [6] , which we used in our analysis In Fig. 6 , we show the exact value of δ (0) obtained with the above model, and the dependence of the truncation order N for the three expansions considered: standard FOPT, standard CIPT and RGS improved FOPT. As in the previous figures we have used as input α s (M 2 τ ) = 0.34. For the RGS improved FOPT we have used the expressions of D n given in the appendix, setting β k = 0 for k ≥ 4 as in the previous similar analyses of higher order expansions [6, 7, 14, 16] .
The figure shows that the FOPT improved by RGS gives results close to the CIPT predictions at all orders up to N = 10. In fact, as remarked in [6] , for this particular model the standard FO expansion describes better than the CIPT the "true" function. Indeed, as seen in Fig. 6 , up to N = 10 the predictions of the CI expansion stay below the true result, and in fact never approach it (for higher truncation orders N all the three expansions start to show big oscillations, due to the divergent character of the series).
We mention however that, as discussed in [14, 16] , for other models the CI expansion may give better results than the standard FOPT at low orders. In particular, this is true for models with a residue d IR 2 of the first IR renormalon smaller than the value quoted in (23) . In our work we investigated numerically several such models, the conclusion being that in all cases the fixed-order expansion improved by RG-summation gives results close to those obtained by the contour-improved expansion. In this section we shall use the RGS improved FO expansion (19) for a determination of α s (M 2 τ ) in the MS scheme. We use as input the phenomenological value of the pure perturbative correction to the hadronic τ width estimated recently in [19] from the ALEPH data
where the first error is experimental and the second reflects the uncertainty of the higher order terms ("power corrections") in the OPE. We note that a similar value, δ
phen = 0.2038 ± 0.0040, is quoted also in the recent review [18] . On the other hand, the recent fits of the moments of the OPAL spectral function in the frame of OPE for the Adler function including duality violating terms [20] suggest that the error of the nonperturbative contribution may be larger. As the issue is still under investigation, we stick in our analysis to the input (24), used in several recent determinations [7, 14, 19] . For the theoretical evaluation of δ (0) from (2) we apply the improved FO expansion (19) 
In this result the first two errors are due to the corresponding uncertainties of δ
phen given in (24), the third one reflects the uncertainty of the coefficient c 5,1 with the very conservative range adopted above, the fourth is due to scale variation, and the last one shows the effect of the truncation of the β-function expansion. One may note the very small sensitivity of α s (M 2 τ ) on the variation of the scale, and a relatively large contribution of the uncertainty of the five loop coefficient c 5,1 , a feature noticed also in the standard CIPT analyses [15, 18] and in the CI expansions improved by the conformal mappings of the Borel plane [7, 14] .
Combining in quadrature the errors given in (25), we write (25) as
We mention that for the same input (24) the standard FOPT and CIPT give, respectively,
For comparison we mention also the value α s (M 2 τ ) = 0.320 +0.019 −0.014 , obtained recently in [14] with the same input (24) and an improved CI expansion based on the analytic continuation in the Borel plane.
VI. SUMMARY AND CONCLUSION
In this paper we have applied the method of explicit summation of all RG-accessible logarithms proposed in [30, 31] to the perturbative expansion of the Adler function relevant for the extraction of α s from τ hadronic decays. We thus refer to the resulting scheme as "FOPT improved by RG-summation", or "improved FOPT". The work is motivated by the well-known discrepancy between the predictions of α s (M 2 τ ) from the standard fixedorder and RG-improved expansions. As this discrepancy has to do with the behavior of the perturbative expansion of the Adler function along the contour involved in the integral (2), especially near the timelike axis, it was of interest to see whether a more general fixed-order expansion can be found, with good convergence properties along the contour. While the method proposed in [30, 31] was applied to several other observables, its properties in the complex energy plane were not investigated until now.
As mentioned earlier, several modifications of the standard FO and CI perturbative expansion were recently proposed and applied to the Adler function, for the determination of the strong coupling from τ decays [7, 11, 14] . The present approach exploits RG invariance in a complete way, summing in analytical closed expressions all the terms that can be calculated to a definite Feynman diagram order. Of course, the truncated expansions of the different summations differ among each other by terms of order α N +1 s , which may be quite important at the relatively low scale relevant in τ decays. Moreover, the actual differences depend on the detailed form of including known information on the higher order terms. Therefore, our study contributes to the assessment of the ambiguities of the perturbation expansion of the Adler function in the complex plane and the theoretical error of α s (M 2 τ ). The main result of the paper is that the summation of leading logarithms provides a systematic expansion with good convergence properties in the complex plane, including the critical region near the timelike region. By summing up pieces of the standard fixed-order series (19) into the functions D n defined in (10), the new expansion (19) is no longer plagued by large imaginary parts of the logarithms, responsible for the poor convergence of FOPT along the contour.
On the other hand, the results of the new expansion are close to those obtained with the CI expansion (8) , which was to be expected since both implement RG invariance. As discussed in Sec. IV, the behavior of the new expansion along the circle |s| = M 2 τ is similar to that of CIPT. However, the two expansions are not identical: CIPT uses the exact solution of the RG equation to four loops, found numerically by an iterative integration along the circle, while the new expansion involves only expressions written in an analytically closed form valid along the whole integration contour, thereby avoiding numerical integration.
Using as input the recent estimates [18, 19] of the per-turbative correction to the τ hadronic width, the new expansion (19) to five loops leads to the value (26) for α s (M 2 τ ) in the MS scheme. The result is situated between the predictions of FOPT and CIPT given in (27) , closer to the latter. We emphasize that the error given in (26) reflects in particular the uncertainty of the nonperturbative contribution to the hadronic width of τ quoted in (24) . Of course, a definite answer to the issue of these corrections requires the simultaneous extraction of α s and the power corrections from the moment analysis of the spectral function, accounting also for the duality violating terms, as in the recent work [20] . The improved FO expansion investigated here, having the advantage that is written in an analytically closed form to each order, could be useful in such an analysis in the future. 
